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Ch 2: Gr 10 ABSOLUTE VALUES

( TYPE®: y = a|x| + g ] Worked Example 9
Draw the following parabolas:
Observe the effects of q
Worked Example 8 both a and q in each case. (@) [ y=3x%2-6 ] (b) [ y=-2x2+4 ]
Draw the following graphs: Solutions
Determine for each graph:
@ [y=3Ix-6 | ®) [ y=-2ixl+4 | | o
e The y-intercept (by substituting x = 0)
Solutions y=3(0)7-6=0-6=-6 y=-20P+4=0+4=4
- (0;-6) - (0;4)
Determine for each graph:
The v-int t (by substituti 0) o The x-intercept(s) (by substituting y = 0)
e The y-interce substituting x =
4 i - 3x2-6 =0 -2x*+4 =0
y=3|0|—620—6:—6 y=—2|0|+4:0+4:4 X 3X2:6 . —2X2:—4
- (0;-6) - (0;4) E P o X2 =2
o The x-intercept(s) (by substituting y = 0) SoX = i\/E SoX = i\/E
3|x|-6 =0 _2|x|+4 =0 (_ﬁ; 0) & (ﬁ;o)
S 3lx] =6 s =2|x| = -4
Sox] =2 Sox| =2 e The critical point
X = %2 SoX = %2 The minimum y-value The maximum y-value
(=20 & (20 = 3(0)2-6 ... Min.ofx?> =0 = -2(0)>+4 ... Max.ofx?*=0
= -6 =4
¢ The critical point - (0;-6) - (0;4)
The minimum y-value The maximum y-value y y
= 3|0]-6 ... Min.of |x| =0 = -2|0|+4 ... Max.of |[x| =0 4
= -6 =4 X
- (0;-6) - (0;4) -2 V2 .
B \A
-6

TYPE @ parabolas: y = ax* +q
Observe the similarities of the features and of the effects of a and q
to those of the absolute value graphs in (a) and (b) in Worked Example 8.

Graphs Shape Range
(a) NV y=z-6
[ Note the equations of the left & right arms. ] (b) VAVERVAN y<4
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Notes & Exercises

Ch 3: Gr 10 COMPLEX NUMBERS

Grade 10 Complex Numbers Exam Questions

(Solutions on p. 19 in the Answer book)

1. Factorise x3 -1, and hence solve x3-1=0 for xcC. (IEB 2008)

2. Calculate the values of a and b so that ; * :i .bi =-11-13i (IEB2013)
- 5i

3. Given the complex numbers z=5-2i and w=6i- 1.
Determine in simplest form: 2z - iw. (IEB 2014)

4. Determine, in terms of a and b, the real part of the complex

. + bi
expression 4+ 21 (IEB 2015)

a - bi

5. The quadratic equation x*-2x+p=0 hasaroot x=q + \/gi.
Find the rational values of p and q. (IEB 2016)

6. (a) Itisgiven that px*+px+1=0.
Determine real values of p such that the solutions of the equation
are of the form a + bi where a and b are rational and b = 0.

3

(b) Evaluate: i+i%+i3+...+i%017 (IEB 2017)

7. Thabo is practising division of complex numbers of the form a + bi,
where a, b € R. He notices that:

3+2i _ . 5-7i _ . 4+5i _
=-1, = -] and =-
-2+3i 7 + 51 -5+4i
Prove that ab+ bi_ =-i foralla, b € R. (IEB 2018)
-b +ai

8. Giventhat m=4+2i and n=-2-1.
Simplify the following expressions; show all calculations:

* m
(@) m-2n (b) -
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10.

11.

12.

13.

14.

(a) Factorise x? + 8x + 25 with complex numbers.

(b) Find a quadratic equation that has a solution of 2 + 3i.

Consider the following equation: x> -4x-8=0

(a) Calculate the value of the discriminant.
(b) Comment on the nature of the roots.

(c) What constant must be added to the left hand side of the
equation, so that the equation has one double real root?
(Remember that 1 double root is the same as 2 equal roots.)

Write the complex number w = -6 + 2i with polar coordinates.
Now sketch the number in the Argand Plane.

Given that z =-1 + 4i, calculate the value of the following expressions.
Show how these values are obtained and represented on the Argand
plane.

(@ =zid (b) z+1
() 2z+2z* (d) z.z*

Solve for p and q if (3 +1)(p + qi) =-4 + 2i.

If a + bi is aroot of the quadratic equation x? + kx + t =0,
use Vieta’s Formulae to show that a? + b* =t and 2a + k= 0.




Ch 5: Gr 11 PARTIAL FRACTIONS

Worked Example 5 Exercise 5.3 (Solutions on p. 27 in the Answer book)
2 . . . . .
Decompose 3x“-x+4  into partial fractions. 1. Decompose/resolve the following into their partial fractions.
(x +1)(x -1) q) 3x+4 (b) X2 - 7x +12
_ (x +3) x(x - 2)
Solution
2
3X2—X+4' _ A N B N C (C) 8X2—12 d 2Xx ;9X+16 -
(X+1)(X—1)2 (X+1) (X—l) (X_l)Z (X+3)(X _6X+9) X(X—Z) +1(X—2)
2 2
We can go straight to the step where we equate (e) . . —X"+9x =27
numerators if we are able to do this. x? (x2 -2x+1) x(x - 3)3
so3x%2-x+4 = A(x-1)*+Bx+1)(x-1) +Cx+ 1) (@) X (h) 6 + 26x — x°
(x - 3)? (2x - 1)(x + 2)?

Now substitute suitable values for x.
L =-1: 1+4 =A

et x 3+ '+A _ 5 (4) 2. Note that in each of the following rational functions, the degree of the

e numerator is higher than (or equal to) the degree of the denominator.
Let x=1: 3-1+4 = ((2) First rewrite each function as f(x) + & where the degree of
Denominator

~ C

3
g(x) is lower than that of the denominator, then decompose the second

The value of B must now be found. We can choose any value for x and term into Partial fractions.

substitute all other values found.
We will revisit this skill in Chapter 17: Derivative Applications,

Letx=0: 4 = A-B+C when sketching rational functions.
.. 4=2-B+3
3
- B=1 X" -x+2
(@ v
2_
3x x+42 -2 , 1 , 3 3 b 4x% - 14x + 2
x+Dx-17 x+1) (x-1) (x-1) (b) ————
4x- -1
( 10x% - 15x% - 35x
) 5
X“-x-6

57 Copyright © The Answer Series: Photocopying of this material is illegal

Notes & Exercises



Worked Example 9
Find possible functions for f and g such that F=f ¢ g given:

@) F()=(x*-4)° (b) F(x)=+x’-1 (c) F()=

2x -2
Solutions

(@) f(x)=x and g(x)=x*-4 or f(x)=(x-4)% and g(x) = x
(b) f() = Vx and g(x)=x*-1 or f(x)=+x-1 and g(x) =»°

© f(x)= % and g(x)=2x-2

Exercise 7.3 (Solutions on p. 37 in the Answer book)

1. If f(x)=x* and g(x)=x-3, find:

(@ f(g(3)) (b) g(f(5)) (©) flg(x))

(d) g(f(x)) (e) fUF(x)) 0 glg(x)
2. Given that f(x) = {)—(x iii i 8 and g(x) = \/7 -1.

Find the following, if possible.

(@) f(g(9) (b) g(f(9)) (c) f(g(0))

(d) g(f(0)) (e) flg(-4)) (0 g(f(-4)

(8) flg(x) (h) g(f(x))

3. In each of the following, find f° g and g° f and state the domains.

(@) fx)=3x-2 and g(x)=2-x (b) f(x)=x* and g(x)=x+2

(©) f()=x*-4 and g(x)=+/x (d) f0)=x+2 and g(x)= Vx*

75

4,

5.

Ch 7: Gr 11 FUNCTIONS

Given f(x)=2x-6 and g(x) = %x + 3.

Is fog = g e f? Explain your observation.

. . i )
We noticed that in Question 4 there are
two equal composite functions.

Note:

Ingeneral feg #gcof
Sowhenis fog =go f?

%

This will occur when the function g = f%

NB: These are inverse functions and will be
introduced after this exercise.

Andthen fog =geof =x

If f(x)=x*-1and g(x)=+/x+1,is fog =gof?
Explain.

If F(x)=f°g, find f(x) and g(x) in each of the following.
From (a) to (e) there is more than one possible solution, but only give
one solution.

(a) F(x)=2(x+3)%-5(x+3) 1

5-x

(d) F(x)=+1-3x

(b) F(9) =
() F(x)=5(sinx)*
(e) F(x)=tan 3x
In the following, give two possible options.

() F) =@ -1)? (@) FO=(Vx +2)° + Jx +2
(h) FO) = x* -9 () FE)=Bx—1+

3x-1

If f(X) = (X +1, g(x):% and h(x) =x + 1, find:
(@) hegef(3) (b) feg-h(3) () gohef(3)

Copyright © The Answer Series: Photocopying of this material is illegal
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Ch 8: Gr 11 ABSOLUTE VALUES, GRAPHS & INEQUALITIES

§ And, one other Absolute Value graph... Exercise 8.4 (Solutions on p. 47 in the Answer book)
% Worked Example 5 1. Sketch the following graphs, indicating any intercepts with the axes,
i turning points, critical points and asymptotes. Determine the domain and
°3 [y =-x+3|x+1|-2 ] range of each function.
g ;
Z | Solution (@) y = -|x|?+2|x| +15 b y-= x|+ 1 -
X
For x+12>0, ie. x>-1: For x+1<0, ie. x<-1:
y=-x+3(x+1)-2 y=-x+3(-x-1)-2 (©) y=2(x|-1)2+1 (d)y=3.2lx|_1—2
Ly =2x+1 Ly =-4x-5
AY S _4x-5 hYy
y=2x+1 y=aaxs l (e y=|x-3|+x+1 () y=2|x+1]-x+5
(for x > -1) (for x < -1) .
' | x? - 25
b X (8) y = x|x-3|+2 (h) y =
1o X -|x +5]
Z,
I ; i -6 : _ lx+1]
=+ =9-3
@Oy x_1[+2 M vy
x=-1 ‘—5

So, the required graph: y=-x+3|x+1| -2

o 2. Given the following diagrams of y = f(x), draw the diagrams of y = f(|x|):
|

(a) y (b) y

y=-4x-5 y=2x+1
(for x < -1) (for x 2 -1) 15
2
y=1 X
X N -5 3
The grey bits are not Domain: xeR 3. Sketch the graph of y = X1
part of this graph. X
They indicate the Range: y > -1
invalid sections of *-5
the graphs.
x=-1

Copyright © The Answer Series: Photocopying of this material is illegal 88



Exercise 10.3

Ch 10: Gr 11 DERIVATIVES

Solutions
(2) f'(x) = 6x (b) f'(x) = -6x2+5
(@  fl) =5x"+ x%,
P00 = st L S b
(d)  f(¥) =3x3+x2-3x1+1
S f'x) = -9 t-2x343x2 = )‘7‘3 - x% + x%

(Solutions on p. 63 in the Answer book)

1. Determine the derivatives of the following functions:

RULES FOR DERIVATIVES
e
1. The Constant rule
f(x) = k where k is a constant, then f'(x) = 0.
2. The Power rule
@ f(x) =x" where ncR, then f'(x)=nx""1.
3. The Constant-Power rule
Dylkf()] = k.f'(x)
The derivative of a constant multiplied by a function is equal
S to the constant multiplied by the derivative of the function.
Thus we have:
f(x) = x = x = flx=10=1
f(x) = x? = f'(x)=2x}=2x
f@) =% = f'(x) =3x8
fO =t =x' = f)=-1r?= "]
X X
: T e
f(x)—\/;—x :>f(x)—§x —m
f@) = x" = [l =mx"]

4. The Sum (Difference) rule
D,If(x) £g(¥)] = f () £g'(x)

The derivative of a sum (difference) of functions is equal J é ;

to the sum (difference) of the derivatives of the functions.

Worked Example 4

Find the derivatives of the following functions:
(@) fx) = 3%

(9 fx) = % +.x (NB: first change the expression to powers of x)

(b) f(x) = -2x3+5x-3

3x% + x°

(d) flx) = 3HX =300
X

(@) f(x) = x*+3
(c) f(x) = 4x*-x+7

(&) fx) = 3x-

(b) f(x) = 5x*>+2x
(d) f(x) =Jx+4
() f(x) = x>-6x*+9x-4

1
X

N,

3 2
(8) f0) =% +x-5x+1  (0) f() = X
2
() [y = 21
X
g W - 3x3 2
2. (a) Find dy slveny = 3x3 +5x%-4x -3
. ' . _ 4-X2 -1
(b) Find g (x) given g(x) = oyt 1

3. Find the following derivatives. Leave answers with positive exponents:

3
AN R
@ 5(22233} () F(9 if fg = 20X - Bxed

x-2
Copyright © The Answer Series: Photocopying of this material is illegal
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Notes & Exercises

Ch11: Gr11

>

TRIGONOMETRY

= sin(2x)

= cos(1T - ZXJ
2

= i(g - 2xj +2nk keZ

=T _2x+2nk or X-— = —— +2x+27nk
2 6
= 271T+2nk S.o-X = —— +2nk
3 3
- Zl +72T[k SoX = E + 21tk
9 3 3
. B o
NOTE

but since k can be any integer, we write +21k.

Dividing through the equation by -1, gives us -2nk for the last term, | @

More equations

Worked Example 13
Find the general solutions of the following equations.
(a) 3 cos3x = sin 3x (b) 2sin?x +3sinx-2 = 0
Solutions | a
(a) 3cos3x _ sin3x Divide by cos 3x to simplify
cos 3x cos 3x equation to tan 3x = Ratio_/
. tan3x = 3 o =
. 3x = 1,249045...+ nk, keZ
. x ~ 0,416 + ™K
3

(b) 2sin?x+3sinx-2 =0

(2sinx -1)(sinx +2) = 0 Factorise the trinomial

. sinx = % or sinx = -2 n/a Range is [-1; 1]

'.x=%+2nk or x=5?“+2nk, keZ

Copyright © The Answer Series: Photocopying of this material is illegal
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Exercise 11.4 (Solutions on p. 67 in the Answer book)

Solve for x giving the general solution to the following equations.

Give answers in terms of © or correct to 3 decimal places, where necessary.

1. 2tan(x— “) = 1,45
12

2. (a) 3 sin(Zx + gj =15 (b) Hence solve for x if x€[-n; 27]
3. cos (3){ - “) = —cos(x + “)

36 36
4. (@) sin [2){ + 2) = sinx (b) Hence solve for x if xe[-7; ©]

5. tan[)z( + Zj = —tanx

6. (a) cos2x = sin(x) (b) Hence solve for x if x€[-27; ©t]
7. 2cos2x = 1,3

8. sin(ﬁ%x - 1112) = —sin4x

9. (a) cos3x = -sin (x + 11:3) (b) Hence solve for x ifxe[— g; n}

10. %tan 2x-134 = 2

11. 3sin2x = 2 cos 2x
12. 2sinx.cosx-sinx = 0

13. 2sinx-sinx = 1

14. sinx+cosx = 1



Worked Example 7
Prove that a" - b" is divisible by a-b for neN

Solution

RTP: ¢"-b" isdivisibleby a-b for neN — @

Proof:
For n=1:

a"-b" = al - bl = a-b, which is divisible by a - b.

. @ is true forn = 1.

Assume @ istrue for n=k, keN

ie. ak-b* = p(a-b), peN.

For n=k+1:

a'-p" = ak+1_bk+1

ak.a-bk.b
—J

ak.a-a.b¥+a.bk- bk b Subtract and add a.b*

Common factors of a in first 2 terms
and (a - b) in the second 2 terms.

a(ak - b¥) + bk(a - b)

a.p(a-b) + bk(a-b)

using the assumption

(a - b)(ap + bX) which is divisible by (a - b).

o If @ is true for n =k, then itis also true for n=k + 1.

@ is true for n = 1.

.. By Mathematical Induction @ is true for neN.

143

Exercise 13.2

Ch 13: Gr 12 MATHEMATICAL INDUCTION

(Solutions on p. 78 in the Answer book)

Use Mathematical Induction to prove each of the following statements for all
natural numbers.

10.

11.

12.

13.

14.

n? + n is an even number.

n® + 2n is divisible by 3.
6n® + 2n is divisible by 4.
9™ - 4" is divisible by 5.
17" - 7" is divisible by 10.
327 -1 is divisible by 8.

7" - 1 is divisible by 6.

32n+4_ 221 is divisible by 5.
537257 is divisible by 31.

327+ 7 is divisible by 8.

117+1 + 12271 js divisible by 133.
a®" - b?" is divisible by (a + b).

8" - 7n + 6 is divisible by 7.

(IEB Exemplar 2008)

37+37*1437+2 i5 divisible by 13. (IEB 2009)
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Ch14: Gr12e &In

Worked Example 9

Find the equation of the inverse of f(x) = 2In(x- 1) + 2 and draw sketch
graphs of f(x) and f~1(x) on the same set of axes.

Solution
x =2ln(y-1)+2
“x-2 =2In(y-1)
xX-2
: =1 -1
2 =p-1)
x-2
y-1=¢ 2
x -2
ny=e? +1
xX-2
flx)=e 2 +1

f(x) = 2In(x-1)+2

Vertical asymptote:

x=1

y-intercept (letx=0):
f(x)=2In(0-1) +2
None

x-intercept (lety = 0):
0 =2ln(x-1)+2
T x =14

Create a point (letx=e):
y =2ln(e-1)+2
=31 (e31)

Copyright © The Answer Series: Photocopying of this material is illegal
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Domain: x€(1; «)

fl=e""%+1

Range: yeR

Horizontal asymptote: y=1
y-intercept=1,4
Create point: (3,1; ¢)
Domain: xR

Range: yc(1; »)

Exercise 14.7 (Solutions on p. 89 in the Answer book)

For each of the given functions:
1. f(x)=-In(x-3)-1 2. f)=-¢e*1-1
3. f(x)=2e"-2 4. f(x)=2In(x+2)-1
5 f(x)=In(x+4)-2

(a) Find the equation of f~1(x).

(b) Find the domain and range of f and fL.

(c) Draw sketch graphs of f and f~! on the same set of axes.




Ch 15: Gr 12 FURTHER DERIVATIVES

Notes & Exercises

Exercise 15.13 (Solutions on p. 103 in the Answer book) Grade 12 Exam Questions (Solutions on p. 104 in the Answer book)
1. The diagram shows a part of the curve 4 1. (a) Given f(x) = L, determine f'(x) from first principles.
y =+/1+4x and point P(6; 5) lying on 1-2x
N (IEB 2010)
the curve.
. 1 . ! . L
. . . ) b) Given f(x) = , determine f (x) from first principles.
The line PQ intersects the x-axis at Q(8; 0). (b) f(x) NoE] fX) p p
(IEB 2013 Adapted)
(a) Show that PQ is a normal to the curve.
X . . .
(b) Determine the equation of the line PQ. 2. Differentiate the following:
3x% - 2x +1
_ | (@ f) = (Bx-2(2x-5° () gl =" "=
Determine the equation of the normal to the curve Sx -1
3y* +4x-x*siny -4 = 0 at the point (1; 0).
3. Given that di[(z)( +3Px -4)| = (2x+3)%*(ax + b), find the values of
X
Consider the curve defined by x3 +y® - xy? = 5. a and b.
(a) Show that (1; 2) lies on the curve.
3
(b) Determine an expression for g—y 4. (a) Determine D, [(x3 + 1)2]
X
3
(c) Hence, determine the equation of the normal to the curve at the (b) Hence: given that y = e, (x3 +1)2, find the value of d when x=0.
point (1; 2). (IEB 2014 Adapted) dx
. _ 3 2 . . !
Consider the curve given by the equation siny =x where y& [0; 121 5. Giventhat f(x) =In(x" + 2)(x" + 3), find an expression for f (x).
(a) Find an expr 'nfrdy
a) rindan expression fo dx 6. Given that f(x) = In(sin 3x)
(b) Hence, determine the equation of the normal to the curve where (a) Find an expression for the first derivative and simplify it.
x=0,5. (IEB 2015)
(b) Hence, find an expression for the second derivative.
2
Determine the equation of the normal to the curve of f(x) = e™
at x = i (To two decimals) 7. Given that f(x) = tanx
(a) Determine f"(x)
Show that the curves y = e* and y = e™* are orthogonal (curves
intersect each other perpendicularly) at the point (0; 1). (b) Hence prove that f'"'(x) - 2y = 2)° (IEB 2010)
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Ch 17: Gr 12 DERIVATIVE APPLICATIONS

Exercise 17.9 (Solutions on p. 116 in the Answer book) ] D A
Cubic expression in numerator and
1. Draw neat sketch graphs of the following functions, showing all quadratic expression in the denominator
asymptotes, intercepts with axes and stationary points.
@ owiom - e
3x -1 1-2
@ f) =" ® f =" T |
X +2 x-3 Try to simplify first. If it can simplify, then same as quadratic
2_ 2, 9y +1 over linear, but with a removable discontinuity at x = —5 :
X - X X
(c) f(x) = (d) f) = ——"— /
x+1 2x -1
2
2. Given: f(x)= X *x-1 Worked Example 25
. rx) D ketch graph of f() = =2
(a) Express f(x) in asymptotic form i.e. f(x) = q(x) + ﬁ raw a sketch graph of f(x) = 2 _x-2
g\x T
(b) Calculate all turning points and asymptotes of f. Solution
3 2
(c) Sketch the curve of f. Rational form: flx) = )(2—72)( y-intercept: (0; 0)
X —-X-
3. Given: f(x) = xt-x-6 2
x+1 Factorised form: f(x) = _xx=2)
x-2)(x+1)
(a) Determine the x-intercepts of f. 2
X
== x#2
(b) Determine the y-intercept of f. (x+1)
(c) Write down the equation of the vertical asymptote of f. x-intercepts: (0; 0). Two equal roots.
(d) Determine the equation of the oblique asymptote of f.
, There is a removable discontinuity at (2; 4).
(e) Show that f (x) > 0 for all values of x within the domain. 3
(f) Hence sketch the graph of y = f(x). Asymptotic form: f(x) = X(x + 1)1— X
X+
_Xx(x+1)-1(x+1)+1 _ (x-1) + 1
x+1 x+1
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CASE 8: Integration of rational functions with degree of
numerator equal or one higher than degree of
denominator.

In Chapter 17: Further Derivatives, we manipulated rational functions when

considering asymptotes for graphs. This process can also be used in integration.

Worked Example 27

2
Given: J %mdx
x“+1

We first manipulate the expression:

X2 +x+1 _ x*+1+x e & .
= This can also be done using
X2 +1 X241 |
Long Division.
X% +1

dx

j[1+ 2X jdx :fldx+f 2X Z—X 21 dx
x“+1 x“+1 2 x“+1

2
- x4 In(x +1)+c

x¥*+121>0|

Worked Example 28

Given: J

X +x-6 _ (x+3)x-2) _ x+3
X -5x+6  (x-3)(x-2)  x-3’

x-3+6
f(]+ 6
x-3

2
X2+X_6dX
X°-5x+6

X#2

6
x-3

=2 " =1+
x-3

jdx =x+6In|x-3|+c

229

Ch 18: Gr 12 INTEGRATION

Worked Example 29

2
Given: f X _de
x+1

Now the degree of the numerator is one more than that of the denominator.

2
- 1)-x-2
T -2 _ x(x+1)-x We may prefer to
x+1 x+1
do Long Division.
=X(X+1)—[X+1)+1—2 b
x+1
=x-1- 1
x+1
x+1
xZ

==—-x-In|x+1|+c
2

Exercise 18.12

In each of the following questions, first manipulate the expression before
determining the integral.

(Solutions on p. 131 in the Answer book)

1. fx_ldx 2. jX+3dx
x+1 x-5
2 3
3. jx—2x+3dx 4, JZX dx
X x“ -4
2 2
5. f" dx 6. JX_Sde
xX-2 X+2

3
7. j ZX dx
x“+1
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