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Ch 3:  G
r 10 CO

MPLEX
 NUMB

ERS 
(j) z 2 =  z .z=  (–4 + 2i)(–4 + 2i) =  –4(–4 + 2i) + 2i(–4 + 2i) =  (16 – 8i) + (–8i  + 4i 2 ) =  (16 – 8i) + (–4 – 8i)   =  12 – 16i  

Gr 10 Complex Numbers Exam Solutions (Questions – p. 40 in Book) 1. x3 – 1  =  (x – 1)(x2 + x + 1)  =  0
x = 1   or   x  =      2–1 ± 1 – 4.1.12 1 . 

= –1 ± 3
2

i

2. (a + 3i)bi =  (–11 – 13i)(2 – 5i)   abi + 3bi 2 =  –22 + 55i – 26i + 65i 2
  –3b + abi =  –87 + 29i
  –3b = –87   and   ab  = 29
  a = 1,   b = 29

3. 2z – iw =  2(5 – 2i) – i(6i – 1)=  10 – 4i – 6i 2 + i =  16 – 3i   
4.  +  – a bi

a bi 
  +  + a bi

a bi
 =   2 2 22 2 2+ 2  + – a abi b i

a b i
 = 2 22 2   – + 2+ a b abi

a b

real  = 
2 2

2 2
 

 

– 
+ 

a b
a b5. Let  α = q + 3 ,i  and its conjugate  β = q – 3iα + β  =  2q  =  – b

a  =  –(–2)    q = 1αβ  =  q2 – 3i 2  =  q2 + 3  = c
a  =  p   p = 4

6. (a) b2 – 4ac <  0   for non-real roots      p2 – 4p(1) <  0 
  p(p – 4) <  0      0 < p < 4 (b) i + i 2 + i 3 + . . . + i 2017= (i – 1 – i  + 1) + (i – 1 – i  + 1) + . . . i  =  i

7.   + –  +  a bi
b ai

   –  –  –  –  b ai
b ai

 =  2 2 22 2 2 –  –  –  – – ab b i a i abi
b a i=  2 2 2 2 –  – ( + ) + + ab i b a ab
b a=  – i  8. (a) m – 2n*  =  (4 + 2i) – 2(–2 + i) =  4 + 2i + 4 – 2i=  8 

(b) m
n =  4 + 2– 2 – i

i
   – 2 +– 2 + i

i
 =  22– 8 + 24 – i

i
=  – 105=  –2 9. (a) x2 + 8x + 16 + 9 =  (x + 4)2 – 9i 2=  (x + 4 – 3i)(x + 4 + 3i)

(b) Let  α = 2 + 3i,  and its conjugate  β = 2 – 3iα + β  =  4  =  – b
a   and   αβ  =  13  = c

aIf  ax2 + bx + c = 0  then  2 +  +  
 
 

b c
a a

a x x  = 0   a(x2 – 4x + 13) = 0  will produce the desired roots. 
10. (a) b2 – 4ac =  (–4)2 – 4(1)(–8)=  48 (b) two real, irrational roots(c) 12 by trial and error or

x2 – 4x – 8 + t = 0
b2 – 4ac  =  (–4)2 – 4(–8 + t) = 0   forone real root
Hence, t = 12.

11. r 2 =  36 + 4  =  40   r = 40    6,32tan  = – 26(–6; 2)  lies in second quadrant  
 =  180° – 18,43°  =  161,57°

 40; 161,57°w

12. (a) z . i 3 =  z . (– i)=  –z . i =  –(–1 + 4i) i =  –(–1i + 4i 2 )  =  i – 4i 2  =  4 + i  

p(16; – 8) 

Im 

Re

q(–4; – 8)
z . z(12; –16) 

The product of two complex numbers is rewritten as the sum of two different numbers. The result is the diagonal from the origin of the rectangle. The product of a complex conjugate pair is always real. 

Im 

Re

w  40; 161,57°

Multiplying by i rotates z by 90° anticlockwise about the origin. Multiplying by (–1) rotates the result by 180° about the origin. Hence the overall result is 
z rotated by 270° anti-clockwise about the origin. 



Chapter 3:  Gr 10 Complex Numbers Exam & Exercise 3.4

Copyright © The Answer Series: Photocopying of this material is illegal 20 

Ch 3:  G
r 10 CO

MPLEX
 NUMB

ERS 
          (b)  z + 1   = (–1 + 4i) + (1 + 0i)   = 4i             (c) 2z + z* =  (–2 + 8i) + (–1 – 4i)    =  –3 + 4i                   

 (d)  z .z* =  (–1 + 4i)(–1 – 4i)    =  –1(–1 – 4i) + 4i(–1 – 4i)    =  (1 + 4i) + (–4i – 16i 2 )    =  (1 + 4i) + (16 – 4i)    =  17                    13.  3p + 3qi + pi + qi 2 =  –4 + 2i    (3p – q) + (3q + p)i =  –4 + 2i      3p – q =  –4 and p + 3q =  2     q =  1 and   p =  –1    14. For  x2 + kx + t = 0,    1–  = –b k
a   and 1 = c t

a .  (a + bi)(a – bi)  =  a2  – b2 i 2   =  a2  + b2   = 1t  =  t  (a + bi) + (a – bi)  =  2a  =  – 1k   so   2a + k = 0.  

Exercise 3.4 (Questions – p. 43 in Book) 1. (a) 2x2 – 133x  + 2 =  26 – 13  + 63x x     = (3  – 2)(2  – 3)3x x  =  0    x = 2
3

  or  3
2

    (b) 223x  + 3x  – 1  =  22 +  – 33x x  = (2  + 3)(  – 1)3x x  =  0    x = – 3
2

   or   1    (c) 4x4 + 3x2 – 1  =  (4x2 – 1)(x2 + 1)  =  0    x = ± 1
2

   or   x = ± i      (d) x4 – x2 – 12  =  (x2 – 4)(x2 + 3)  =  0  x = ± 2   or   x = ± 3i    (e) x4 + 3x2 – 28  =  (x2 – 4)(x2 + 7)  =  0  x = ±2   or   x = ± 7i    (f) 3x4 + 25x2 – 18  =  (3x2 – 2)(x2 + 9)  =  0  x = ± 2
3

  or   x = ±3i  2. (a)  x3 + x2 – x – 1 =  x2(x + 1) – (x + 1)      =  (x + 1)(x2 – 1)  =  0    x = ±1     (b) x3 + 4x2 + 9x + 36 =  x2(x + 4) + 9(x + 4)    =  (x + 4)(x2 + 9)  =  0    x = –4,   x = ±3i     (c) x3 + 2x2 + 6x + 12 =  x2(x + 2) + 6(x + 2)   =  (x + 2)(x2 + 6)  =  0    x = –2,   x = ± 6i  

z(–1; 4)
 z . i 3(4; 1) 

Im 

Re

z(–1; 4) z + 1(0; 4)

(1; 0) 

Im 

Re

The sum of two complex numbers is the diagonal from the origin of the parallelogram. 

The sum of two complex numbers is the diagonal from the origin of the parallelogram. 

Im 

2z + z*(–3; 4) 
Re 

z*(–1; –4) 

2z(–2; 8) 

Re 

p(1; 4)Im 

z . z *(17; 0) 
q(16; – 4) 

The product of two complex numbers is rewritten as the sum of two different numbers. The result is the diagonal from the origin of the rectangle. The product of a complex conjugate pair is always real. 

solve simultaneously 
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Ch 5:  G
r 11 PA

RTIAL 
FRACT

IONS 
7.  29  – 24– 6  + 8x

x x
  = 9  – 24(  – 4)(  – 2)x

x x
  º   – 4  – 2+A B

x x
 

 A  = 122  =  6 B  =   – 6– 2  =  3   29  – 24– 6  + 8x
x x

  = 6 3
 – 4  – 2

+
x x

  8.  2 1– 2  – 8x x
  = 1(  – 4)(  + 2)x x

  º   – 4  + 2+A B
x x

 
 A  = 16  B  =  1– 6    2 1– 2  – 8x x

  = 1 1
6(  – 4) 6(  + 2)

–
x x

  9.  223  – 16 +  – 1x
x x

  = 23  – 1(3  – 1)(2  + 1)x
x x

  º  3  – 1 2  + 1+A B
x x

 
 A  = 23323

 – 1 + 1  =  4 B  =  
 

– 232– 32
 – 1 – 1  =  5 

  223  – 16 +  – 1x
x x

  = 4 5
3  – 1 2  + 1

+
x x

  10.  26 – 22  + 18(  – 1)(  – 2)(  – 3)x x
x x x

  º   – 1  – 2  – 3+ +A B C
x x x

 
 A  = 22  =  1           B  =  – 2–1  =  2           C  = 62  =  3 
  26 – 22  + 18(  – 1)(  – 2)(  – 3)x x

x x x
  =  1 2 3

 – 1  – 2  – 3
+ +

x x x
   

Exercise 5.3 (Questions – p. 57 in Book) 1. (a)  23  + 4(  + 3)x
x

 = 2(  + 3) (  + 3) + A B
x x

       3x + 4 º  A(x + 3) + B     Let x = –3:     –5  =  B    B = –5    Let x = 0:    4 =  3A – 5       9 =  3A   A = 3     23  + 4(  + 3)x
x

 = 2
3 5

(  + 3) (  + 3)
–  

x x
   (b)   2 2– 7  + 12(  – 2)x x

x x
 = 2(  – 2) (  – 2) +  + A B C

x x x
       x2 – 7x + 12 º  A(x – 2)2 + Bx(x – 2) + Cx      Let x = 0:   12 = 4A   A = 3   Let x = 2:   2 = 2C    C = 1   Let x = 1:   6  =  3 + B(–1) + 1   B = –2      2 2– 7  + 12(  – 2)x x

x x
 = 2

3 2 1
(  – 2) (  – 2)

– +    
x x x

   (c)  28  – 12(  + 3)( – 6  + 9)x
x x x

 = 28  – 12(  + 3)(  – 3)x
x x

  
   = 2(  + 3) (  – 3) (  – 3) +  + A B C

x x x
  

  8x – 12  º  A(x – 3)2 + B(x + 3)(x – 3) + C(x + 3)    Let x = –3:   –36 = 36A   A = –1   Let x = 3:   12 = 6C    C = 2   Let x = 0:   –12  =  –9 – 9B + 6   B = 1 
  28  – 12(  + 3)( – 6  + 9)x

x x x
 = 2

–1 1 2
(  + 3) (  – 3) (  – 3)

+ +    
x x x

   

 (d)  2 22 – 9  + 16(  + 1)(  – 2)x x
x x

 = 2(  + 1) (  – 2) (  – 2) +  + A B C
x x x

      2x2 – 9x + 16 º  A(x – 2)2 + B(x + 1)(x – 2)                   + C(x + 1)    Let x = –1:   27 = 9A   A = 3   Let x = 2:   6 = 3C   C = 2   Let x = 0:   16 = 12 – 2B + 2   B = –1     2 22 – 9  + 16(  + 1)(  – 2)x x
x x

 = 2
3 1 2– +

(  + 1) (  – 2) (  – 2)
    

x x x
    (e)   22 22 + 1– 2  1( ) +x

x x x
 =  22 22 + 1.(  – 1)x

x x
  

   = 2 2(  – 1) +  +  + (  – 1)A B D
x x x

C
x

     2x2 + 1  º  Ax(x – 1)2 + B(x – 1)2 + Cx2(x – 1) + Dx2     Let x = 1:   3 = D    Let x = 0:   1 = B    Let x = –1:   3  =  –4A + 4 – 2C + 3      4A + 2C = 4 . . .     Let x = 2:   9  =  2A + 1 + 4C + 12      2A + 4C = –4 . . .       Solve equations  and  simultaneously, using the calculator:      A = 2  and  C = –2      22 22 + 1– 2  1( ) +x
x x x

 = 2 2
2 1 2 3

(  – 1) (  – 1)
+ – +      

x xx x
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Ch 7:  G
r 11 FU

NCTIO
NS 

4. (a)         (b) Domain:   xÎ Range:   y ≥ –1   (c) f (–3) = 1             f (–1)  =  0             f (3) = 2   (d) (i) No solution (ii)   x = 4    (iii)  x ≤  –2     or     x = 2  5.  f (x) =  x + 1 ,
x

  x ≠ 0 
  y = 2  + 1x

x      yx =  x2 + 1     0 =  x2 – yx + 1        x  =  2–  ±  – 42b b ac
a

 = 2+  ±  – 42y y    Restrictions placed on the range such that the domain is real :     y2 – 4 ≥  0    (y – 2)(y + 2)  ≥  0         –∞ < y ≤ –2     or     2 ≤ y < ∞   

Exercise 7.3 (Questions – p. 75 in Book) 1. (a) f (g(5)) (b) g(f (5))   g(5)  =  2  f (5)  =  25   f (2)  =  4  g(25)  =  22     f (g(5))  =  4    g(f (5))  =  22     (c) f (g(x)) (d) g(f (x))     = (g(x))2   = (f (x))– 3   = (x – 3)2   = (x2) – 3      = x2 – 3      (e) f (f (x)) (f) g(g(x))     = (x2)2  = (x – 3) – 3   = x4  = x – 6   2. (a) f (g(9)) (b)  g(f (9))   = f (2)  = g(9)   = 2  = 9 – 1  =  2   (c)  f (g(0)) (d)  g(f (0))   = f (–1)  = g(0)   = 1  = –1   (e) f (g(–4)) (f)  g(f (–4))   undefined  = g(4)      = 4 – 1      = 1 

 (g) f (g(x))   = ( ( ))  if   ( ( ))  0– ( ( ))  if   ( ( ))  0 
 

g x g x
g x g x

 
  =  

 
 – 1    if    – 1  0–  – 1    if    – 1  0 




x x

x x
 

  =  



 – 1   if     1
–  + 1   if    1

x x
x x  

   (h) g(f (x)) 
  =  


     

( ) – 1 if     0

– ( ) – 1 if    0

 x x

x x 
   3. (a) f (x) = 3x – 2 g(x) = 2 – x    f (g(x)) =  3(g(x))  – 2 g(f (x)) =  2 – (f(x))    =  3(2 – x) – 2  =  2 – (3x – 2)    =  4 – 3x   =  4 – 3x    Domain:   xÎ Domain:   xÎ   (b) f (x) = x2   g(x) = x + 2   f (g(x)) =  (g(x))2  g(f (x)) =  (f(x)) + 2    =  (x + 2)2  =  x2 + 2   Domain:   xÎ Domain:   xÎ   (c) f (x) = x2 – 4 g(x) = x    f (g(x)) =  2x – 4 g(f (x))  = 2  – 4x     =  x – 4     Domain g(x) :   x ≥ 0 Domain:   x2 – 4 ≥ 0   Domain f    g:  x ≥ 0   x ≤  –2   or   x   2 

4 3 2 1 
x 

y 

–1 O 1 3 – 4 2 4 5 –1 – 3 – 2 – 5 
(– 2; 1) (– 2; 3) 

+ + – – 2 2 

quadratic equation 

Outer function Outer function 
Inner function Inner function 

Outer function Outer function 
Inner function Inner function 

x  ≥  1 
x ≥  1 
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Ch 8:  G
r 11 AB

SOLUT
E VALU

ES, GRA
PHS & 

INEQU
ALITIE

S 
7. y  =   + 13  + 1 x  =   + 13x  + 1 

Domain:   xÎRange:   y >  1   
8. y  = 1 +  – 1|2  – 3|x  = |2  – 3|x

y-intercept (x = 0): y  =  |1 – 3|  =  2
x-intercept (y = 0): 2x  =  3

  x  ≈  1,6 
y =    – 12.2x  – 3: y = |    – 12.2x  – 3|:

Domain:   xÎRange:   y  0 

Exercise 8.4 (Questions – p. 88 in Book)1. (a) y = –|x |2 + 2|x | + 15
For  x ≥ 0 :  y =  –x2 + 2x + 15     y =  –(x2 – 2x – 15)     y =  –(x + 3)(x – 5) 
y-intercept :   y = 15
x-intercept(s) :   x = 5;  x ≠ –3Turning point :   (1; 16)
For  x < 0:   y =  –x2 – 2x + 15     y =  –(x2 + 2x – 15)     y =  –(x + 5)(x – 3) 
y-intercept :   y = 15
x-intercept(s) :   x = –5;  x ≠ 3Turning point :   (–1; 16)
 The graph of  y = –|x |2 + 2|x | – 15 for ALL values of x : 

Domain:   xÎRange:   y ≤  16 

(b) y = 
  

5| | + 1x
– 2

For  x ≥ 0: For  x < 0: 

y  = 5 + 1x
– 2 y =  5–  + 1x

– 2
  y = 5 – 1x

– 2

 The graph of  y = 
  

5| | + 1x
– 2  for ALL values of x :

Domain:   xÎ Range: –2 < y ≤  3     

Note:    + 13  + 1|| x   =  + 13x  + 1 for all real values of x 

SOLVE:   Appendix 1 

 y 
x 

y = –3 1,6–2O
 y 

x 1,6
y = 32O

 y 

x y = 1
4

O

–2

 y 
x 32–
y = –2

x = 1

1
3 32

x = –1

–1

–2

 y 
x 3 32

y = –2
x = –1

–1

Note that the final graphs in (a), (b), (c) and (d)  are all symmetrical  about the y-axis.  

–3 5
(1; 16)

x = 1
x 

y 

–5 3
15(–1; 16) 

x = –1

y 

–3 5
15 (1; 16)

x = 1
x 

–2

 y 
x 332–

y = –2
x = 1

1y 

–5 3
15(–1; 16)

x = –1
x 

In examples (a)  (d), the graph of   
y = f (|x |) for x  0 can be reflected in the  

y-axis to obtain the other part (where x < 0).
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Ch 11: 
 Gr 11 

TRIGO
NOMET

RY 
 (e)  f (x) =  3x – 1

x
 =  3x –  12x  

  f '(x) =  3 +  32  12 . x  =  3 + 
3

1
2 x

   (f)  f (x) =  x3 – 6x2 + 9x – 4    f '(x) =  3x2 – 12x + 9 
 

 (g)  f (x) = 33x  + x2 – 5x + 1   f '(x) =  x2 + 2x – 5 
 

 (h)  f (x) = 2  4x x
x

 =  x – 4    f '(x) =  1 
 

 (i)  f (x) = 23  +   1 x x
x

 =  3x + 1 – x –1 
  f '(x) =  3 + x –2  =  3 + 2

1
x

 

 2. (a) y  =  3x3 + 5x2 – 4x – 3   dy
dx

 =  9x2 + 10x – 4 

  (b)  g(x) = 24   12  + 1x
x

 
    = (2  + 1)(2   1)2  + 1x x

x
     =  2x – 1;   x    – 12    g '(x) =  2 

 
   

 3. (a) 2 31–   
  

x x
D x     xD [x2 – x– 3]     = 2x + 3x– 4      = 2x + 4

3
x

       (c)   – 3 
 
 

t
t t

t
D   

 = 121 – 3 
  tD t   = –  1– 232t    = 3

2 t
    (e)  f (x) = 2  3  2 – – 8  + 4 – 2x x x

x
  

   = 2(2  – 1) – 4(2  – 1) – 2x x x
x

     = (2  – 1)(  – 2)(  + 2) – 2x x x
x

     =  2x2 + 3x – 2,   x  2    f '(x) =  4x + 3  
 

Chapter 11: 
Grade 11 TRIGONOMETRY 

Exercise 11.1 (Questions – p. 113 in Book) 1. (a)  cosec  . tan    = 1 sin θsin θ cos θ      = 1cos θ   =  sec    (c)  sec  . 1tan θ . 1cosec θ     = 1cos θ   cos θsin θ   sin    =  1   (d)  cot  . cosec  . tan    =   cos θ 1 sin θsin θ sin θ cos θ  .     = 1sin θ   =  cosec    (e)  tan  . cos  . cot  . sec    = tan  . cos  .   1 1tan θ cos θ.   =  1  2. (a) R.T.P. :  tan A.cosec2 A.cos2 A  =  cot A   LHS = sin Acos A   21sin A   cos2 A    = cos Asin A  =  cot A  =  RHS   (b) R.T.P. :  cot2 A – cos2 A  =  cot2 A.cos2 A   LHS =  22cos Asin A  – cos2 A 
   =  2 2 22cos A – cos A sin Asin A      =  2 22cos A(1 – sin A)sin A      =  22cos Asin A   cos2 A  =  cot2 A.cos2 A  =  RHS

 (b) cosec  . 1cot θ    = 1sin θ   sin θcos θ    = 1cos θ  =  sec  

(b)  32121 +  
 
 
 
 

d x
dx

x

  
 =   1– 2   +d

dx x x
 

 = –  3– 212 x  + 1  = – 3
2

1

2x
+ 1 

(d)  2 322  – + 3  
  
 

d s s s
ds s

  
 = d

ds
(2s–1 – 1 + 3s)  = –2s– 2 + 3  =  

2
– 2
s

 + 3 
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Ch 11: 
 Gr 11 

TRIGO
NOMET

RY 
 (b) Area segment = 12 (2)2  π3  – 12 (2)2 sin π3     = 2π3  – 2  32       = 2π – 3 33     Area triangle  = 12 (2)2 sin π3  = 3      Area of coin = 3  2π – 3 33 

 
 

 + 3      =  2 – 2 3  cm2  
Exercise 11.4 (Questions – p. 124 in Book) 1.  2 tan π12 –  

 
 

x  =  1,45     tan π12 –  
 
 

x  =  0,725     x – π12  =  0,627. . . + k ,     kÎ     x ≈  0,889 + k  2. (a)  3 sin π62  +  
 
 

x  =  1,5     sin π62  +  
 
 

x  = 12        2x + π6  = π6  + 2k ,     kÎ      x =  k     or 2x + π6  =   – π6  + 2k 

     2x  = 2π3  + 2k 

     x = π
3

 + k   (b) xÎ   2π π 4π
3 3 3

–π;  0;  π;  2π;  – ;  ;     

3.  cos π363  –  
 
 

x  =  –cos π36 +  
 
 

x  
    cos π363  –  

 
 

x  =  cos   
    

π36π –  + x  
    3x – π36  =   35π36  –  

 
 

x  + 2k,     kÎ 
    3x – π36  =  35π36  –  

 
 

x  + 2k     4x =   + 2k     x =  π
4

 + π
2

k     or 3x – π36  =  – 35π36  –  
 
 

x  + 2k     2x =  – 34π36  + 2k     x =  – 17π
36

 + k     kÎ  4. (a)  sin π62  +  
 
 

x  =  sin x        2x + π6  =  x + 2k,     kÎ      x =  – π
6

 + 2k    or 2x + π6  =   – x + 2k      3x =  5π6  + 2k      x =  5π
18

 + 2π
3

k   (b) xÎ   
π 7π 5π 17π
6 18 18 18

– ;  – ;  ;      

5.  tan π2 4 +  
 
 

x  =  –tan x   
   tan π2 4 +  

 
 

x  =  tan(– x)     π2 4 + x  =  –x + k,     kÎ     32x  =  – π4 + k     x =  – π
6

 + 2π
3

k       6. (a)  cos 2x =  sin x       cos 2x =  cos π2  –  
 
 

x        2x =  ± π2  –  
 
 

x  + 2k,     kÎ      2x = π2  –  
 
 

x  + 2k      3x = π2  + 2k      x = π
6

 + 2π
3

k    or 2x =  – π2  –  
 
 

x  + 2k      x =  – π
2

 + 2k   (b) xÎ     
11π 7π π π 5π

6 6 2 6 6
– ;  – ;  – ;  ;      7.  2 cos 2x =  1,3     cos 2x =  0,65     2x =  0,8632. . . + 2k,     kÎ     x ≈  0,432 + k   
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 Gr 12 

MATHE
MATIC

AL IND
UCTION

 
 (h) RTP:   1 + 2 12 

 
 

 + 3 212 
 
 

 + . . . + n  – 112 
 
 

n  =  4 –  – 1 + 22n
n  

   
  Proof:   For  n = 1:   LHS  =  1               RHS  =  1                is true for  n = 1    Assume            is true for  n = k ,  kÎ   i.e. 1 + 2 12 

 
 

 + 3 212 
 
 

 + . . . + k  – 112 
 
 

k
 

   =  4 –  – 1 + 22k
k   

   For  n = k + 1:   LHS = 1 + 2 12 
 
 

 + 3 212 
 
 

 + . . . + k  – 112 
 
 

k
  

                    + (k + 1) 12 
 
 

k   
   =  4 –  – 1 + 22k

k  + (k + 1) 12 
 
 

k     =  4 – 2  + 4 –  – 12k
k k     =  4 –  + 32k

k     RHS  =  4 –  + 1 –1 + 1 + 22k
k   =  4 –  + 32k

k   =  LHS     If            is true for n = k, then it is also true for    n = k + 1.                     is true for  n = 1.       By Mathematical Induction,            is true 
for  nÎ.  

3. (a) Assume the statement is true for  n = k ,  kÎ   (b) LHS =  [1 + 8 + 27 + . . . + k3] + [(k + 1)3]    =  2 2(  + 1)4k k  + (k + 1)3   
   =  2 2 3(  + 1) 4 + 4(  + 1)k k k  
   =  2 2(  + 1) 4 [  + 4  + 4]k k k  
   =  2 2(  + 1) (  + 2)4k k     =  RHS 
 

Exercise 13.2  (Questions – p. 143 in Book) 1. RTP:   n2 + n  is an even number  
 Proof:  
 For  n = 1:   12 + 1 = 2  which is an even number.   The statement is true for  n = 1.   Assume that the statement is true for  n = k ,  kÎ  i.e.  k 2 + k  =  2p,   pÎ   For  n = k + 1:  (k + 1)2 + (k + 1) = k2 + 2k + 1 + k + 1    = (k2 + k) + 2k + 2    = 2p + 2(k + 1)    = 2(p + k + 1) which is divisible by 2.    If the statement is true for  n = k,  then it is also   true for  n = k + 1.    The statement is true for  n = 1.    by Mathematical Induction the statement is
  true for  nÎ. 

2. RTP:   n3 + 2n  is divisible by 3    
 Proof:  For  n = 1:   13 + 2(1)  =  3(1),  which is divisible by 3    The statement is true for  n = 1   Assume the statement is true for  n = k ,  kÎ  i.e.  k3 + 2k  =  3p,   pÎ     For  n = k + 1:  (k + 1)3 + 2(k + 1) =  k3 + 3k2 + 3k + 1 + 2k + 2     =  (k3 + 2k) + 3k2 + 3k + 3     =  3p + 3(k2 + k + 1)      =  3(p + k2 + k + 1) which is      divisible by 3.    If the statement is true for  n = k,  then it is also   true for  n = k + 1.    The statement is true for  n = 1.    Statement is true for all nÎ,  n ≥ 1 by the 
  principle of Mathematical Induction.  3. RTP:  6n2 + 2n  is divisible by 4    
 Proof:  For  n = 1: 6(1)2 + 2(1)  =  8  =  4(2),  which is     divisible by 4     The statement is true for  n = 1.   Assume the statement is true for  n = k ,  kÎ  i.e.  6k2 + 2k  =  4p,   pÎ   For  n = k + 1:  6(k + 1)2 + 2(k + 1) =  6k2 + 12k + 6 + 2k + 2     =  (6k2 + 2k) + 12k + 8     =  4p + 4(3k + 2)      =  4(p + 3k + 2) which is       divisible by 4. 

A 

A 

A 

A 

A 

A 
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e  & ln 
 (c)           2. (a)  f (x) =  + 1– xe  – 1      x =  + 1– ye  – 1      x + 1 =  + 1– ye       –x – 1 =  + 1ye       y + 1 =  ln(–x – 1)       f –1(x) =  ln(–x – 1) – 1   (b) f (x)   Domain:  xÎ  Range:  y < –1   f –1 (x)   Domain:  x < –1 Range:  yÎ      (c)           

3. (a)  f (x) = 2 xe  – 2      x = 2 ye  – 2      x + 2 = 2 ye      2x  + 1 = ye       y =  2ln  + 1 
 
 

x        f –1(x) =  
 
 
 

2
ln + 1  x    (b) f (x)   Domain:  xÎ  Range:  y > –2   f –1(x)   Domain:  x > –2 Range:  yÎ    (c)             4. (a)  f (x) =  2ln(x + 2) – 1      x =  2ln(y + 2) – 1      x + 1 =  2ln(y + 2)      + 12x   =  ln(y + 2) 

     y + 2 =  + 12x
e       f –1(x) = 

 + 1
2

x
e  – 2 

 (b) f (x)   Domain:  x > –2 Range:  yÎ   f –1(x)   Domain:  xÎ  Range:  y > –2   (c)            5. (a)  f (x) =  ln(x + 4) – 2      x =  ln(y + 4) – 2      x + 2 =  ln(y + 4)      y + 4 =  + 2xe       f –1(x) =  + 2xe  – 4   (b) f (x)   Domain:  x > –4 Range:  yÎ   f –1(x)   Domain:  xÎ  Range:  y > –4  (c)          

x 

y 

y = x  f –1 (–1; 4) 

 f  

3,4(4; –1) 

3,4
O

3
3

–5

x 

y 

 f –1 

 f  

12
–1–2–3–4 –3, 7 

(–2; –1) 1 
O 2–1 –2–3 –5 –4 

(–1; –2) 
y = x 

–3; 7 

x 

y 

y = x 

f –1 

f  1 

2 

–2 –3 –4 –5 

1 2–1 –2 –3–4 –5 (–1; –1,3) (–1,3; –1) –1O 

x 

y = x 1 

2 

–2 

–3 

1 2–1 –2 –3 –1

y 

O 
0,4 0,4–0,4 –0,4

f –1 (–1; –1) 

f  

x 1 2 3 4–1 –2 –3 –4 

1 

2 

3 

4 

–1–2 –3 –4 

y 

3,4
–0,6 3,4 –0,6

y = x 

f 

f –1 

O 
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FURTH
ER DER

IVATIV
ES 

 (b)  y – 0 =  – 52 (x – 8)      y =  – 5
2

x + 20  2.  4 2D (3 + 4  – sin  – 4) x y x x y  = D (0)x       12y3 dy
dx

 + 4 – 22  sin  + cos  
 
 

dy
dx

x y x y  =  0 
    12y3 dy

dx
 – x2cos y dy

dx
 =  2x sin y – 4    dy

dx
 =  3 22  sin  – 412 – cos x y

y x y
   At (1; 0) mT  = 3 22(1) sin 0 – 412(0) – (1) cos 0   =  4 

    mN  =  – 14   y – 0 =  – 14 (x – 1)     y =  – 1
4

x  + 1
4

  3. (a) LHS  =  13 + 23 – (1)(22)  =  5   RHS  =  5  =  LHS    Point lies on curve.   (b)  Dx(x3 + y3 – xy2) =  Dx(5)      3x2 + 3y2 dy
dx

 – 2 2 +  
 
 

dy
dx

y xy  =  0 
     3y2 dy

dx
– 2xy dy

dx
 =  y2 – 3x2   

    dy
dx

 = 2 2 
2

– 3
3 – 2 
y x
y xy

   

 (c) At (1; 2):  mT  =  2  222 – 3(1)3(2) – 2(1)(2)  = 18 ;   mN = –8     y – 2 =  –8(x – 1)      y =  –8x + 10    4. (a)  Dx(sin y) =  Dx(x)     cos y  dy
dx

 =  1     dy
dx

 = 1
cos y

    (b)  sin y =  0,5      y = π6   π60,5;  
 
 

     mT  = 1 πcos 6  = 2 33 ;      mN = – 32       y – π6  =  – 32 (x – 0,5) 
    y =  – 3

2
x + 0,96   5. f (x)  = 24xe   f '(x)  = 24xe   8x     

 mT  =  f ' 14 
 
 

 =  
214 4 

 
 e  148 

 
 

 =  2,568. . . ;  mN   –0,39 
 f 14 

 
 

 =  
214 4 

 
 e   1,28   y – 1,28 =  –0,39 14 –  

 
 

x       y =  – 0,39x + 1,38 

6. y = xe ;   y' = xe    At  x = 0:   m = 1  y =  – xe ;    y' = – xe    At  x = 0:   m = –1  
 mT  mN  =  –1    Graphs are orthogonal  
 
Gr 12 Exam Solutions (Questions – p. 176 in Book) 1. (a) f (x)  = 11  2 x

   f '(x)  =    0 (  + ) – ( )lim
h

f x h f x
h

   =     0 1 1  1  2(  + ) 1  2lim    


 
   
 h x h x

h    =     0 1  2   (1  2   2 )1 . (1  2   2 )(1  2 )lim


   
  h

x x h
h x h x

   =     0 1 2. (1  2   2 )(1  2 )lim
   h

h
h x h x

   = 2
2

(1  2 ) x
    (b) f '(x)  =    0 (  + ) – ( )lim

h

f x h f x
h

   =     0 1 1 12  + 2  + 1 2  + 1lim  –   


 
 
 h hx h x

  
=    

 
 

    0 2  + 1 – 2  + 2  + 1 2  + 1 + 2  + 2  + 12  + 1 2  + 2  + 1 2  + 1 + 2  + 2  + 1lim   h

x x h x x h
h x x h x x h

 
=      0 2  + 1 – (2  + 2  + 1)2  + 1 2  + 2  + 1 2  + 1 + 2  + 2  + 1lim

h

x x h
h x x h x x h

 
=       0 – 22  + 1 2  + 2  + 1 2  + 1 + 2  + 2  + 1lim

h

h
h x x h x x h

 
=  

 – 2(2  + 1) 2 2  + 1x x
  

 = 3
2

–1

(2  + 1)x
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 Gr 12 

DERIVA
TIVE A

PPLICA
TIONS 

7. f (x)  = 22 – 5  + 1–   1x x
x

  Vertical :  x = 1  Oblique:  f (x) =  2 (  1)  3  + 1 – 1  x x x
x

    =  2 (  1)  3(   1)  2 – 1    x x x
x

   = (2x – 3) – 2  1x
     O.A. :  y = 2x – 3   8. Vertical :  2x2 + 9x – 5  =  (2x – 1)(x + 5)  =  0    V.A. :  x = 1

2
;  x = –5  

 Horizontal :     
2lim

 x

x  22
1 1  

 x x

x  29 52 +   
 x x

  =  0 

   H.A. :  y = 0    9.  f (x)  = 3  – 55 – 2x
x

 
  Vertical :  x = 5

2
   

  Horizontal :    lim
 x

x 53    
 x

x 52 +  
  
 x

 =  – 32   
  H.A. :  y = – 3

2
     

10. f (x)  = 23   2  + 5  + 1– 7 + 10x x
x x x

 
 Vertical : x(x2 – 7x + 10)  =  x(x – 5)(x – 2)  =  0     V.A. :  x = 0;    x = 2;    x = 5    
 Horizontal :     

3lim
 x

x   23 31 5 1 + +  
 
 x x x

x  27 101  +   
 x x

  =  0 

   H.A. :  y = 0    
Exercise 17.9 (Questions – p. 205 in Book) 1. (a) f (x)  =  3   1+ 2x

x
   y–intercept: 120;   
 

      x-intercept(s): 13 ; 0 
 
 

   f (x)  =  3   1+ 2x
x

 =  3(  + 2)  7( + 2)x
x

 =  3 –  7( + 2)x
   V.A. :  x = –2  H.A. :  y = 3   

x x < –2 x = –2 –2 < x < 1
3

 x = 1
3

 x > 1
3

 

f (x) + u/d – 0 +             

 (b) f (x)  =  1  2 3


x
x

   Intercepts:   y-int. : 130;   
 

      x-int : 12 ; 0 
 
 

   f (x) =  2(   3)  5 3  


x
x

 =  –2 –  5 3x
    V.A. :  x = 3      H.A. :  y = –2          (c) f (x)  =  2   4+ 1x

x
 =  (   2)(  + 2)( + 1)x x

x
   y–int. :  (0; –4)      x-int. :  (–2; 0) ;  (2; 0) 

f (x) =  (  + 1)   4+ 1  x x x
x

 =  (  + 1) (  + 1)  3+ 1  x x x
x

    =  (x – 1) –  3( + 1)x
    V.A. :  x = –1  O.A. :  y = x – 1  

x x < –2 x = –2 –2 < x < –1 x = –1 –1 < x < 2 x = 2 x > 2 

f (x) – 0 + u/d – 0 +              

 y 

x 

130 12
 3

 –2

 y 

x 

12  0 13  3–2 

 y 

x 0
 y = x –1 

 f (x)
2 –1 –2 1 

–4 
–1
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INTEGR
ATION

 
3.  92 (  + 2) x x dx     u = x + 2     x = u – 2                 du = dx     92(  – 2) u u du   =  10 9 2 ( – 2 ) u u du   = 11 10211 102  –  +  

 
 

u u c  
 = 10 111 52  –  +  

 
 

uu c  
 =   10 5  – 1155 +.2   uu c  
 = 102(  + 2) 5  + 10 – 1155( )  + x x c  
 = 102(  + 2) 5  – 1

55
( )  + x x c   4.  39 (3  + 2) x x dx     u = 3x + 2     x =  – 23u                 du = 3dx        3 – 23 39. .


u duu  =  4 3 ( – 2 ) u u du  

  = 5 425 4 –  + u u c   
  = 4 1 – 5 2  +  

 
 

uu c   
  =   4 2  – 510  .  +uu c  
  = 4(3  + 2) 2(3  + 2 – 5)10( )  + x x c  
  = 4(3  + 2) 6  – 1

10
( )  + x x c    

5.  32  + 3


x
x

dx   
  u = 2x + 3     x =  – 32u                 du = 2dx          1– 2 – 32 23. . .




u duu  =  1 1– 2 234 – 3    
 




duu u  
  =   3 12 23 2 3 . 24 3 1 –  +  

 
 
 

u u c   
  = 1232 3  – 3  +  

 
 

u u c   
  =   

123  – 92 3.  + u u c   
  = 2  + 3(2  + 3 – 9)2  + x x c     = 2  + 3(  – 3) + x x c   6.  

  2 2 51 (  – 1)   dxxx     u = x – 1 x = u + 1   du = dx x2  =  (u + 1)2  =  u2 + 2u + 1    x = 1,   u = 0            x = 2,   u = 1    
  1 2 50 ( + 2  + 1)  u u u du  =  

  1 7 6 50 ( + 2  + )  u u u du  
   =  

 
18 7 6 028 7 6 +  +  

 
 

u u u   
   = 1 2 18 7 6 +  +  – 0 

 
 

  
   = 97

168
     

Exercise 18.12 (Questions – p. 229 in Book) 1.  – 1 + 1


x
x

dx     – 1 + 1x
x

 =  + 1 – 2 + 1x
x

 = 2 + 11 – 
x

  
 21 –  + 1 

 
 



 x

dx  =  x – 2ln|x + 1| + c     2.  + 3 – 5


x
x

dx     + 3 – 5x
x

 =  – 5 + 8 – 5x
x

 = 8 – 51 + 
x

  
   81 +  – 5 

 
 



 x

dx  =  x + 8ln|x – 5| + c     3.  2 – 2  + 3


x x
x

dx   
  2 – 2  + 3 x x

x
 = 3 – 2 + 

x
x   

 3 – 2 +  
 
 





x
x

dx  = 2

2
x  – 2x + 3ln|x | + c     4.  32 – 4




x
x

dx   
  32 – 4x

x
 =  2 2( – 4) + 4– 4 x x x

x
 = 2  4– 4 + x

x
x   

 42 – 4  +  
 
 





x
x

x dx  =   24 +   – 4
 xx dx dx

x
 

  =   2 22 12 2 – 4  +  4 .


x x
x

dx   
  = 2

2
x  + 2ln|x2 – 4| + c   
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